We study the Loschmidt echo and Berry phase in a nonlinear system transported around a double and triple degeneracy. The nonlinearity of the system makes the Berry phase different from that in linear systems. We propose a witness of nonlinearity for the nonlinear system and show its dependence on the parameters of the system, taking the standard Landau-Zener model as an example. We calculate the Loschmidt echo(LE) or quantum fidelity in the quantum dynamics under perturbations around the degeneracy, and establish a connection between the LE and the witness of nonlinearity. These phases and Loschmidt echo can be observed with current experimental technology in a nonlinear resonator. Singularities in mathematics are often associated with specific effects in physics. For instance, topological singularities such as diabolic points are associated with a specific phase behavior of the wave function [6, 7] . Exceptional points as the other type of topological singularity are associated with level repulsions and can affect Rabi oscillations [8] . For a linear system, it has been shown that the eigenfunction of a real Hamiltonian can acquire a π geometric phase(a sign change to the wave function) when it is transformed around a certain type of degeneracy. This sign change was found in the late 19th century, however its significance to physics was not realized until Longuet-Higgins and coworkers shown its existence in molecular physics [9] . The latter insight leads to the notion of the molecular Aharonov-Bohm effect [10] that has attracted a lot of attention both experimentally and theoretically in recent years [11, 12, 13] . For nonlinear systems, we may have additional eigenvalues and eigenvectors more than its dimension of Hilbert space. The degeneracy in this system is also different from that in linear systems, for example, the eigenfunctions at the degeneracy point may be not orthogonal to each other in general. This makes the Berry phase around a degeneracy in nonlinear systems different from that in linear systems.
Singularities in mathematics are often associated with specific effects in physics. For instance, topological singularities such as diabolic points are associated with a specific phase behavior of the wave function [6, 7] . Exceptional points as the other type of topological singularity are associated with level repulsions and can affect Rabi oscillations [8] . For a linear system, it has been shown that the eigenfunction of a real Hamiltonian can acquire a π geometric phase(a sign change to the wave function) when it is transformed around a certain type of degeneracy. This sign change was found in the late 19th century, however its significance to physics was not realized until Longuet-Higgins and coworkers shown its existence in molecular physics [9] . The latter insight leads to the notion of the molecular Aharonov-Bohm effect [10] that has attracted a lot of attention both experimentally and theoretically in recent years [11, 12, 13] . For nonlinear systems, we may have additional eigenvalues and eigenvectors more than its dimension of Hilbert space. The degeneracy in this system is also different from that in linear systems, for example, the eigenfunctions at the degeneracy point may be not orthogonal to each other in general. This makes the Berry phase around a degeneracy in nonlinear systems different from that in linear systems.
In this Letter, we shall study the Berry phase in the vicinity of double degeneracies in nonlinear systems. A general expression for the Berry phase will be given and discussed. The results show that the Berry phase around the degeneracy significantly depends on the nonlinearity characterized by an overlap of the degenerate eigenvectors at the degeneracy point. This overlap will be defined as a witness of nonlinearity, which is found to be related to the Loschmidt echo in the quantum dynamics around the degeneracy. As an example, we calculate the Berry phase and the witness of nonlinearity around the double degeneracy in the standard Landau-Zener model. An extension from double to triple degeneracy is also presented and discussed.
We start by recalling the calculation of the Berry phase in a general system (linear or nonlinear) with Hamiltonian H(X) [5] , where X = (X 1 , X 2 , ..., X m ) is a vector parameter that the system depends on. For a quantum system starting at an eigenstate |Ψ n (X) defined by H(X)|Ψ n (X) = E n (X)|Ψ n (X) , its state at time t may be written as |Ψ(t) = e −iβ(t) |Ψ n (X) when X changes adiabatically. The Berry phase in this case is
Eq.(1) is valid for both linear and nonlinear quantum systems as long as the system is initially in an eigenstate of the system Hamiltonian. Eq.(1) simplifies after applying the standard normalization Ψ n (X)|Ψ n (X) = 1. Consider a double degeneracy [14] E n = E n+1 , we denote X d the degenerate point in the parameter space, i.e., E n (
The orthogonality condition Ψ Consider a small circular loop around the double degeneracy point X d , C = {X(t) = X d + δX(t)} with δX(0) = δX(T ). Here t ∈ [0, T ] represents the time and T stands for the duration of the cyclic evolution. Suppose that the perturbation theory holds around the double degeneracy point X d , the eigenvectors and eigenvalues at point X(t) take the asymptotic form, |Ψ n (X(t)) = cos
, where δE j are eigenvalues of the following matrix, δH = δH n,n δH n,n+1 δH n+1,n δH n+1,n+1
.
Here
β , α, β = n, n + 1. After some simple manipulations, we find that δE n,n+1 = δHn,n+δHn+1,n+1 2
, φ = Arg(δH n,n+1 ). By using Eq. (1), we arrive at an asymptotic expression for the Berry phase,
n+1 |, and θ was assumed to be φ-independent. These phases simplify, can be chosen to be real such that the cycle C around the degeneracy point X d lies in a plane [15] . As a consequence we have γ n = γ n+1 = π if C makes a single turn around the degeneracy point, while the Berry phase would be zero if the degeneracy point lies outside the cycle [1] .
For nonlinear systems, however, the eigenvectors |Ψ 
These analysis show that the Berry phase around the degeneracy point significantly depends on the overlap | Ψ d n |Ψ d n+1 | and this overlap might be related to the nonlinearity of the system. Indeed, as we shall demonstrate in the next paragraph, the overlap may be chosen as a witness of nonlinearity. This witness of nonlinearity can be observed through the Loschmidt echo as follows. The LE was defined as the overlap between two states that evolve from the same initial wave function |Ψ 0 under two slightly different Hamiltonians H(X d ) and
stands for the time evolution operator corresponding to Hamiltonian h. Under the adiabatic evolution, the LE reads,
where |Ψ 0 = |Ψ d n was assumed. This result indicates that the LE, which quantifies the stability of the quantum dynamics of a system against perturbations is closely connected to Ψ
2 with δH n,n < δH n+1,n+1 , and L(t) = 1 with δH n,n > δH n+1,n+1 . This feature clearly bridges the Loschmidt echo and the witness of nonlinearity and makes the witness of nonlinearity experimentally observable. The Loschmidt echo may decay in quantum systems whose classical counterparts have strong chaos with exponential instability, this decay has been weel studied in [16, 17] . Eq.(4) sheds light on this instability form a new point of view, i.e., the overlap
We see that L(t) is independent of perturbations δE n,n+1 , therefore the Loschmidt decay (if any) falls into the Lyapunov regime, providing us an other way to study quantum chaos.
As an example, we demonstrate the Berry phase γ n with a nonlinear two-level model as, i ∂ ∂t
, where m = |ψ 2 | 2 − |ψ 1 | 2 , ψ 1 and ψ 2 are the probability amplitudes. ve iφ is the complex coupling between the two levels, c stands for the nonlinear parameter that characterizes the dependence of the level energy on the populations. R is the level bias. This model can be used to describe the Josephson effect of Bose-Einstein condensates in a double-well potential [18, 19] . The complex coupling can be realized in experiment with current technology [20] . To study the Berry phase, we need to find all the eigenstates |Ψ n of the nonlinear Hamiltonian
. By Eq. (1), we obtain the Berry phase where E is one of the real roots of equation,
To derive Eq. (5), we restricted the system to follow a path with fixed R, c and v, i.e., only φ is allowed to change. It may have at most 4 real roots, indicating more than two eigenstates can exist in that system(see Fig. 1-(a), (b) and (c) ). In order to involve the Berry phase around the degeneracy point D (R = 0), where the first and second eigenvalues touch, we choose the lowest eigenvalue as the E in Eq. (5), we plot the Berry phase as a function of R and v in figure 1-(d) . The nonlinearity parameter c = 1 was set for this plot. For weak nonlinearity (v ≫ c), the Berry phase is π at R = 0, while it is zero for strong nonlinearity(v ≪ c). As shown in [21] c = v (Fig.1-(b) ) is a critical point for the system to have more eigenvalues. For c < v (Fig.1-(a) ) there are two eigenvalues while there can be four eigenvalues when c > v (Fig.1-(c) ). We can find this critical point in Fig.2 , where a step change among the line R = 0 occurs in the overlap | Ψ n |Ψ n+1 |. Two observations can be made from Fig. 2 . (1) As v/c increases, the overlap tends to zero, indicating the system changes from nonlinear to linear one. (2) A step change in the overlap occurs at the degenerate point R = 0, it becomes unclear with R far from the degeneracy point. These features makes the overlap a good witness for the nonlinearity and critical point.
We now extend the presentation to the case of triple degeneracy. Consider a Hamiltonian that removes the threefold degeneracy
where H α,β , α, β = n − 1, n, n + 1 is the same as in Eq.(2) but here the degeneracy are threefold, and the degenerate wavefunction |Ψ n−1 , |Ψ n and |Ψ n+1 are chosen to be real. This approximation consists of neglecting transition amplitudes between the three degenerate states and other states as well as the transitions between nth and (n + 1)th degenerate states. δH n+1,n+1 and δH n,n are also assumed to be equal. This kind of Hamiltonian can be realized by treating the threefold degenerate states as a three-level Λ-system, labeling one of degenerate states as |e and the other two as |a and |g . The state |e is coupled to state |a and |g with coupling constant δH n−1,n and δH n−1,n+1 , respectively. The Λ-type system has been intensively studied in quantum optics and recently it was used to discuss the adiabatic condition for nonlinear systems [22] . Defining Ω 2 = (δH n−1,n−1 ) 2 + 4(δH n−1,n ) 2 + 4(δH n−1,n+1 ) 2 , sin θ cos φ = 2 Ω δH n−1,n , and sin θ sin φ = 2 Ω δH n−1,n+1 , we can write the eigenstates and eigenvalues for δH as,
Here θ can varies from 0 to 2π, the triple degeneracy happens at Ω = 0( the origin of the sphere (r = Ω, θ, φ)).
Eq. (7) shows that |Ψ n (θ+π) = |Ψ n (θ) , |Ψ n−1 (θ+π) = |Ψ n+1 (θ) , and |Ψ n+1 (θ + π) = −|Ψ n−1 (θ) , implying |Ψ n (θ + 2π) = |Ψ n (θ) , |Ψ n−1 (θ + 2π) = −|Ψ n−1 (θ) , and |Ψ n+1 (θ + 2π) = −|Ψ n+1 (θ) . In fact, the latter relation can be found straightforwardly from Eq. (7). This completes the picture when the circular path lies in the great circle of the sphere. In the case where the path lies in the equator of the sphere, namely θ = π 2 , Eq.(7) follows that |Ψ n (φ + 2π) = |Ψ n (φ) , |Ψ n−1 (φ + 2π) = |Ψ n−1 (φ) , and |Ψ n+1 (φ + 2π) = |Ψ n+1 (φ) . So for the triple degeneracy, we have two allowed adiabatic sign changes around the degeneracy, which were listed below in table I. It is worth pointing our that the Berry phases presented in this case are all for loops which enclose the point of degeneracy. By enclose we mean the loop can not be smoothly deformed to avoid surrounding the degeneracy point in the parameter space. This is different from that for the double degeneracy, where the Berry phase is calculated for a general circular loop around the degenerate point. The presented prediction is within touch of recent experimental technology. The observation of the Berry phase around a triple degeneracy is available by the setup in [23] but with Kerr nonlinearity. Due to the nonlinear interaction, the triple degeneracy point may change, however it can be relocated by measuring the spectra of the rectangular resonator that is a function of the shape of the resonator (representing by (a, b) as shown in Fig.3 ). The geometric phase effect then can be measured as Lauber et al. did in Ref. [23] as follows. (1) After finding the degeneracy point, shift the position of the mirror at one of its corners (say D) around (a, b). (2) Measure standing wave patterns via the reflected microwave intensity by the technology in [26] . The Berry phase effect can be found by comparing those patterns at the start and end point. The Berry phase around the double degeneracy can observed in the same manner, by finding a double degeneracy instead of the triple degeneracy in the spectra of triangular resonators. Alternatively, Bose-Einstein condensates in a double-well potential may meet the requirement to observe the Berry phase around a double degeneracy, serving as the nonlinear system.
In conclusion, we have studied the Loschmidt echo and Berry phase around a degeneracy in nonlinear systems. Two degeneracies, a double degeneracy and a triple degeneracy, are considered. We have found that the Berry phases are different from that in linear systems due to nonorthogonality of the degenerate wave functions at the degenerate point. We have also found that the overlap of the degenerate wavefunctions may serve as a witness of nonlinearity of nonlinear systems. A connection between this witness and the Loschmidt echo has been established. I: Allowed adiabatic sign changes around the triple degeneracy in the non-linear system. Ψn−1(α)|Ψn−1(α + 2π) Ψn(α)|Ψn(α + 2π) Ψn+1(α)|Ψn+1(α + 2π)
